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$X$ $K$ C(
C( $\{T_{n} : n=1,2, \cdots\}$ :
$(TJ)(X)= \sum f(_{X_{n}}.k)h_{n,\mathrm{k}(X})\iota=0(x\in K, f\in C(K))$ ,
where $h_{n.k}(0\leq k\leq n, n=1,2, \cdots)$ are functions in $C(K)$ which satisfy the following
three conditions:
(i) $h_{n,k}(x)\geq 0(x\in K, 0\leq k\leq n, n=. 1,2, \cdots)$,
$n$
(ii) $\sum_{k=0}hk(Xn.)=\iota(x\in K, n=1,2, \cdots)$ ,
(iii) $\sum_{k=0}h_{\text{ }},(X)x\mathrm{t}\text{ },k=X(x\in K, n=1,2, \cdots)$ .
Jensen
Lemma 1. If $T_{1(}f$), $T_{2}(f),$ $\ldots$ and $f$ are concave (resp. convex), then
$r_{n}(J)\leq f$ (resp. $T_{n}(fl\geq f)$










$(f\in C([0,1]\gamma,$ $(x=(_{X_{1}X},,2’\ldots,)x_{r}\in[0,1]\gamma$ .
$R^{r}$
$\Delta^{r}=\{(x_{1’ l}X, \ldots, x,)\in R^{r} : \sum_{=k1}X\mathrm{r}\leq 1, x_{k}\geq r0, k=1,2, \ldots, r\}$
C(\Delta Bernstein
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:$(B_{n.\gamma}f)(X)= \sum_{*k_{1^{+}}.+k,\text{ }}\mathit{4}^{\frac{k_{1}}{n}}\mathrm{t}..0j^{\mathrm{z}}n,$ $\ldots,$
$\frac{k_{r}}{n}\mathrm{X}<k1’\ldots,$$k_{P}\mathrm{t}n.1x\gamma k\iota\ldots\iota 1-x_{1}X_{r})n-’(-\cdots-\iota_{1}-\cdots-k$
$(f\in C(\Delta),$ $(x=(x_{1},, h, \ldots, x_{r})\in\Delta\gamma$
where $= \frac{n!}{k_{1}!\cdots k_{r}!(n-k_{\mathrm{I}^{-}}\cdots-k_{r})!}$ (cf. - [2, P. 98-991).
3 (i), (ii) and (iii)
$f(x_{1},:4, \ldots, x\gamma)$ $(i=1,2, \cdots, \gamma)$
( ) $f(x_{1’ h}, \ldots, x,)$ ( )
Theorem 2. Laet $K$ be $[0,1]’$ or $\Delta^{r}$ and $\{B_{n,r} : n=1,2, \ldots\}$ the Bernstein operators on
$K$ . If $f$ is a separetly concave (resp. separately convex) function on $K$ , then each $B_{n.r}\sigma$)
is also separately concave (resp. separately convex) on $K$ .
$r=1$ ( ) ( )
$r=2$ ( $r\geq 3$




$0$ (X, $y$) $\Delta^{2}$ :
$\frac{\partial f_{n}(x,y)}{\partial x}=\sum_{i+j\mathrm{s}n}f(\iota j\geq 0\frac{i}{n},$ $\frac{j}{n}\mathrm{X}ij\mathrm{X}^{ii-}n-1j1--_{\mathcal{Y}\rangle^{n-}}i-j-(n-i-J)Xy(1X-y)^{\text{ }-ij-}-1)y(xij\cdot$
$=i \mathrm{z}_{\star}1,\sum_{ijn}j\geq 0\leq if(\frac{i}{n},$ $\frac{j}{n}\mathrm{X}ijb^{y}ni- 1j(1-X-_{\mathcal{Y})^{n}-}-i-j\sum_{nz-}(n-i-])f(i+i\mathrm{z}0.j\geq 0_{1}j\frac{i}{n},$ $\frac{j}{n}\mathrm{X}^{n}ijtij(1-X-_{\mathcal{Y})}\text{ }-i- j- \mathcal{Y}1$
$= \sum_{1i+j\mathrm{S}\hslash-}(i+1)f(_{\frac{i+1}{n}}i\mathrm{z}0,j\mathrm{z}0\frac{j}{n}\mathrm{Y}\text{ },\rho(i+1)j- nijy(1-X-_{\mathcal{Y})^{n}}- 1-ij$
$- \sum_{-}t+ji\mathrm{a}0.j\mathrm{s}\text{ }1\mathrm{Z}0(n-i-_{j})\mathit{4}\frac{i}{n},$ $\frac{j}{n}\mathrm{X}^{n}ij\rho ij1-x-\mathcal{Y})^{n}- i- jy(- 1$
$= \mathrm{i}+jt\approx 0.0\sum_{J^{*},\mathrm{p}n-1}((i+1)f(\frac{i+1}{n},$ $\frac{j}{n}\mathrm{X}(i+1)j)-(n-i-_{J})f(\frac{i}{n},$$\frac{j}{n}n\eta_{ij n1\}\mathrm{i}j1-)\text{ }\mathcal{Y}(X-\mathcal{Y}-1- i-j$
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$= \sum_{\mathrm{z}i\sim 0_{j0}},A(i, j)_{Xy}ij(1-X-_{\mathcal{Y}})\text{ }- 1-i- j$ ,
$i+j\mathrm{s}n- 1$
where $A(i, \int)=(i+1)\oint\frac{i+1}{n},$ $\frac{j}{n}\mathrm{X}(i+n_{1)j})-(n-i-J)f(_{\frac{i}{n}},$ $\frac{j}{n}\mathrm{X}^{n}ij1\cdot$
:
$\frac{\partial^{2}f_{n}(x,\mathcal{Y})}{\partial x^{2}}=$
$\sum_{ji\mathrm{a}0.\mathrm{z}0,i+j\leq \text{ }-1}A(i, J)(ix-1y(ij1-X-\mathcal{Y})^{n}-1-\mathrm{i}-j-(n-1-i-J)_{X}i(\mathcal{Y}^{j}1-X-.\mathcal{Y})n-2-i-j)$
$= \sum_{-}A(i, J)ii^{-1j}\mathcal{Y}(1-x-y)^{n-}1-i-j-\sum_{\mathrm{s}iI_{+j-n}^{\mathrm{z}}}l1.j*01i+jn-\mathit{2}\prime \mathrm{a}0,j\mathrm{a}0A(i, r)(n-1-i-j)X^{i}y^{j}(1-X-y)n-2:-\mathrm{i}-j$
$=A(i+/\text{ }1;r)(i+1)_{X^{ij}}y(1-x-\mathcal{Y})^{\text{ }- \mathrm{a}i}--j$
$- \sum_{\leq i+jn-}A(i, ]i\geq 0.j20_{2})(n-1-i-r)X^{i}.y^{j}(1-X-y)n- \mathit{2}-i- j$





$=(i+1) \{(i+2)f(\frac{i+2}{n}, \frac{j}{n}\mathrm{X}(i+2)j)n--(n-1-iJ)f(\frac{i+1}{n}, \frac{j}{n}\mathrm{X}(i+n_{1)j})\}$
$-(n-1-i-_{J}) \{(i+_{1}1)4\frac{i+1}{n},$
$\frac{j}{n}\mathrm{X}(i+1)j)n--(n-ir)\mathit{4}\frac{i}{n},$ $\frac{j}{n}\mathrm{X}^{n}ij1^{\}}$
$=Cf( \frac{i+2}{n},$ $\frac{j}{n})+Df(_{\frac{i}{n}},$ $\frac{j}{n})-2Ef(_{\frac{i+1}{n}},$ $\frac{j}{n})$ ,
where $C=(i+1)(i+2),$ $D=(n-1-i-r)(n-i-J)$ and
$E=(i+1)(n-1-i-])$ . $C=D=E= \frac{n!}{i!j!(n-2-i-])!}$
:
$\frac{\partial^{\mathit{2}}f_{n}(X,y)}{\partial x^{\mathit{2}}}=$ $\sum_{i\geq 0.j\approx 0,i+j5\text{ }-2}\frac{n!}{i!j!(n-2-i-]\gamma!}(f(\frac{i+2}{n},$
$\frac{j}{n}1+f(_{\frac{i}{n}},$ $\frac{j}{n}\mathrm{I}-2f(_{\frac{i+1}{n}}.,$ $\frac{j}{n}1\mathrm{b}\iota J1X-\mathcal{Y})^{n}-2-*\cdot-y(-j$
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$f$ $K$ (resp. ) $\frac{\partial^{\mathit{2}}f_{n}(x,y)}{\partial x^{2}}\leq 0$ (resp. $\geq 0$)
$\circ$
$\frac{\partial^{2}f_{n}(x,\mathcal{Y})}{\partial y^{2}}\leq 0$ (respi $0$) $f_{n}$ $K$
(resp. ) Q. E. D.
Bernstein
Theorem 3. Let $\{B_{n,r} : n=1,2, \ldots\}$ the Bemstein operators on $[0,1]^{r}$ . If $f$ is a
separately concave (resp. separately convex) function on $[0,1]^{r}$ , then
$B_{1.r}(fi)\leq B_{2.r}(f\sim)\leq\ldots\leq B(f\text{ }.’)\leq\ldots\leq f$ (resp. $B_{1,r}(f)\geq B\mathit{2}.r(f)\geq\ldots\geq B_{n.r}(f)\geq\ldots\geq f$).
$r=1$ ( ) ( )
$r=2$ ( $r\geq 3$
$r=2$ ) $f$ $[0,1]^{2}$
(X, $y$) $\in[0,1]^{\mathit{2}}$ $n$ $[0,1]$ :
$g(t; \iota)=f(\frac{i}{n},$ $t)(0\leq t\leq 1)$ and $h(s;_{\mathcal{Y}})=\S_{0}^{1}j=f(S,$ $\frac{j}{n+1}\mathrm{X}^{n+}j1\psi j(1-\mathcal{Y})^{\text{ }\mathrm{s}1}$- $(0\leq S\leq 1)$
$i$ $[0,1]$
$\varphi$











$= \sum_{\iota 0}^{1}\sum_{J^{-}0}^{1}f(\text{ }+--n\star-\frac{i}{n+1}, \frac{j}{n+1})(_{i}^{n+}1\mathrm{X}n+1b^{i}j(1-X)^{n}+1-i\mathcal{Y}^{i}(1-y)^{\text{ }}+1-j$
=(Bn+lJJ (x, $y$).
$B_{1,r}(f)\leq B_{2.r}(f)\leq\ldots\leq B_{\text{ }},(rJ1\leq\cdots$ Bernstein





Altomare-CamPiti [1, Corollary 6.1.151).
Theorem 4. Let $\{B_{n,r} : n=1,2, \ldots\}$ the Bemstein operators on $\Delta^{r}$ . If $f$ is a concave
(resp. convex) function on $\Delta^{r}$, then




1. F. Altomare and M. Campiti, Korovkin-type approximation theory and its applications,
W. de Gruyter&Co., Berlin-New York, 1994.
2. - , , , 1986 .
186
